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Context

Exactly solved interacting Conformal Field Theories are scarce. In
2D, with only conformal symmetry:

e Minimal models!

e Liouville theory?
Techniques:

e Lagrangian/path integral approach
e Hamiltonian/operator approach

e Bootstrap approach

!Dotsenko and Fateev 1985.
2Dorn and Otto 1994; Alexander B. Zamolodchikov and Alexei B. Zamolodchikov 1996.
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Spin and loop models



Spin models

Atoms in a solid: interacting spins on a lattice:

S(xi)

N, N 2
p AN N A
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710 N

Gibbs probability distribution:

P(S) = %e_BE(S) - 7= / dS e—BE(S)



O(n), PSU(n) and Potts models

e O(n) model: S(x;) € R",|S(x)| =1,

E(S)=—J ) > S(x)S(x)

<Xi 7Xj> a=1

(xi, xj) = nearest neighbours
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O(n), PSU(n) and Potts models
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O(n), PSU(n) and Potts models

o O(n) model: S(x;) € R",|S(x;)| = 1,
S)=-J) Zsax, S2(x;)
(xi,xj) a=
e Potts model: S(x;) € {1,...,Q},
E(S)=—J D s(x),505)

<Xf7Xj>

e PSU(n) model: S(x;) € C", |S(x;)| =1,

$)=-4 3 Y F)S°09)

(xi,Xj) a=1

(xi, xj) = nearest neighbours



Correlation functions

Goal: compute correlation functions

N
(s - 3 s (f{s30) 2o

i=1

Examples:
e One-point function:
(5°(x)) =0
e at the critical point

(5°(05°(n)) o

5a,b
|x ,y‘AJrA



Loop models

High-temperature expansion: /%% ~ 1+ BJS; - §;

7= /dse—ﬁﬂs)



Loop models

High-temperature expansion: /%% ~ 1+ BJS; - §;

7_ / dse~PES) = 3 ()AlnA)

AcL(E)

e L(E): configurations of
non-intersecting loops

e |A|: number of red edges

e /(A): number of loops

|A| = 32,4(A) =3
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Correlation functions

High-temperature expansion for correlation functions:

N
<H Sai(X’,)> — Z H 533 Z (BJ)\A\nZ(A)

i=1 pEpairings({x;}) \(ij)Ep AeLP(E)

tensorial part geometric part



Correlation functions

High-temperature expansion for correlation functions:

N
<H Sai(X’.)> — Z ( H 58/@1‘) Z (BI)A (A
i=1 (

pepairings({xi}) \(i)ep AeLP(E)

tensorial part geometric part

Example:

(5%(x1)5%2(2) 5 (x5)5% (x4)) = 6225

G



Combinatorial maps

Continuum limit:

dal dn al ar
e
—
aoy azr—1
arsr a2r—1
ar,...,a2 1
52,54, -+ Sap,_1 S5, (@) r,r €3N



Combinatorial maps

Continuum limit:

®
—
aoy azr—1
ar, axr—1
ai,...,ad2r 1
S3.Sa -+ Say1Sa, @ ,r €3N

Rotation covariant operators:

V(arl;)--,azr _ Z e—iﬂ'k5(931+k7---732r+k re %N,S c EZ
kEZy, r




Combinatorial maps

. 1 1
V(ar1,s.)..,azr — Z e—mksOaHk,...,az,Jrk re §N,S cZ7
kEZy, r

N ai g N M
< V(rls) 2 (x,-)> = Z (tensorial part) <H V(r,-,s,-)(Xi)>
i MeM i=1

=1 ({rit{x})

geometric part

M({ri}, {xi}) = {combinatorial maps with 2r; legs at x;}



Combinatorial maps

N N M
< V(rj,ys,‘)7 2r; (x,-)> — Z (tensorial part) <H V(r,-,s,-)(Xi)>
i MeM i=1

=1 ({rix{xi})

geometric part

M({ri}, {xi}) = {combinatorial maps with 2r; legs at x;}

sphere
Example V3 V V( O)V
\/abc\sa\/b\/c \/acb\sa\/b\/c \/aba\/b\/c\/c



Critical limit

Second order phase transition at (.: correlation length — oo
= scale invariance, lattice — continuum, loops are fractal

(Conjecturally) Local conformal invariance: invariance under all
maps that preserve angles®

3Smirnov 2001, (percolation).

10
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Complex surfaces
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Complex surfaces



Complex surfaces
2[ 3

. ° 4
Need to determine:
e Spectrum S (1987)

e Value of the pair of pants correlation function (2025%)
e How to glue pairs of pants (2026°)

4 Jacobsen, Nivesvivat, Ribault, and Roux 2025.

5Roux, Jacobsen, and Saleur (to appear in 2026).



Spectrum
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Hamiltonian formalism
Evolution operator/§ %
D )
—
1/

Evolution operator: Hamiltonian H or transfer matrix T

Diagonalisation (integrability, numerics, or Coulomb gas):

13




Hamiltonian formalism
Evolution operator/§ %
D )
—
1/

Evolution operator: Hamiltonian H or transfer matrix T

Diagonalisation (integrability, numerics, or Coulomb gas):
27T(Ak + Ak) 1
Ex—EFhp=———+0|(—
k 0 1 + 2

A — A = spin
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Hamiltonian formalism

Evolution operator: Hamiltonian H or transfer matrix T

Diagonalisation (integrability, numerics, or Coulomb gas):

B 27T(Ak + Ak) 1
Be—b=——— +0lp
A — A = spin
Result (19876): for V(r,s)v (A,A) = (A(r,s)aA(r,—s))v where

A(r,s) = P(2r,5) - P(2171)> P(r,s) = %(ﬁl’ - 5_15)7 n=—2 COS(TrﬂZ)

opj Francesco, Saleur, and Zuber 1987.
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Bimodule decompo n

S= P Cro®N.s

1 1
(I‘,S)EENX FZ

where C(, s) are modules of the conformal algebra of weights
(A(r,s)a A(r,—s))v and7'8

_ A
Ney= B ot

A[<2r
[A|[=2r mod 2

A are irreducible representations of O(n) (Deligne category)

7 Jacobsen, Ribault, and Saleur 2023, (for O(n), Potts).
8Roux, Jacobsen, Ribault, and Saleur 2025, (for PSU(n)).
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Bimodule decomposition

Examples:

® A1) =R"™ fundamental representation of O(n)
27
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Bimodule decomposition

Examples:

® A1) =R"™ fundamental representation of O(n)
27

e A(1,0) = [2] symmetric traceless tensors

e A(1,1) = [1%] antisymmetric tensors

* Nz =10® [13]: both invariant under cyclic permutations
27

14



Bimodule decomposition

Examples:

. /\(%’0) = R": fundamental representation of O(n)
e A(1,0) = [2] symmetric traceless tensors

e A(1,1) = [1%] antisymmetric tensors

A
A

0) = [3] @ [13]: both invariant under cyclic permutations

2y = [41]@[32]®[31%] 8 [221] @ [213] @ [3] @ 2[21] B [13] @ [1]

Nio NIw

)

14



Bimodule decomposition

Examples:

. /\(%70) = R": fundamental representation of O(n)
e A(1,0) = [2] symmetric traceless tensors

e A(1,1) = [1%] antisymmetric tensors

o A
o A

0) = [3] @ [13]: both invariant under cyclic permutations

) = “l]e[32]e317]e[2?1]e21% @3] 2[21] @13 & (1]

Nlor Nlw

(

In general, A(, 5) not irreducible: symmetry 2 O(n)

2
5

14



Sphere 3 point functions

ii5)



Sphere 3 point functions
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Three-point functions

3

TT Voo (i) ) = Clns)(.9)(.5)
(ri75i)(x’) o 2

i=1

2 2
A1+Ar2—A3 Ao+Az—Ay A1+Az—An
’X12 ‘X23 ’X13

where x; = x; — x;, [x22 = xA%A, A = ANl )

17



Three-point functions

3

H V, (x;) ) = C(rl,Sl)(f2752)(f3,S3)

(risi)\Xi = NN 2 Aot Ds A 2 ALt A5 A, 2
i=1 ’X12 ‘X23 ’X13

where x;j = x; — xj, [x2|?> = xA%2, A; = AN )

1 ifn+mrn+rneN
|M(r1, n, )| =

0 else

17



Three-point functions

1 ifr1+r2+r3€N

|/\/l(r1, r, r3)| =
0 else
Conjecture:?
_ —1 (g7t | B . gt G
C(rl,sl)(fz,sz)(l’3,53) - H rB ( 2 T2 |Zi61r" + 5 Zielsl
€1,62,63==%
1Jacobsen, Nivesvivat, Ribault, and Roux 2025

17



Three-point functions

e D

Conjecture:!

— -1 =il
Cnsmemms = I 5" (B + 8IS einl + & ieis)

€1,€2,63==%

1Jacobsen, Nivesvivat, Ribault, and Roux 2025

Particular cases:

e r; = 0: structure constants of Liouville theory at ¢ <1 and
minimal models

e ri =15 =0: three points on the same loop

X

Pl L% |=Croaowo
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Three-point functions

e D

Conjecture:!

— -1 =il
Cnsmemms = I 5" (B + 8IS einl + & ieis)

€1,€2,63==%

1Jacobsen, Nivesvivat, Ribault, and Roux 2025

Particular cases:

e r; = 0: structure constants of Liouville theory at ¢ <1 and
minimal models

e ri =15 =0: three points on the same loop

X Agrees with rigorous CLE result?

IED X X = C(l,O)(l,O)(l,O) 2Ang, Cai, Sun, and Wu 2024

17



Numerical evidence

On lattices of finite circumference L, extrapolated to L — oc:

|C 1 3 2,
(51 0),(1,0), ( > 5)
0.7
0.6 o
0.5 !
e
0.4
@ L-=8
Q@ L-9
@ L=10
Q@ L=1
0.3 @ extrapolation
|w]
0.0 0.5 1.0 1.5 2.0

18
+11 examples.



Sphere four-point and torus one-point functions
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Conformal block decomposition

Cutting of a surface into pairs of pants < decomposition into
conformal blocks

Vira.s2) % 4 Vir3.53)
V(rl,sl) % - V
Vins1) % Virg.s0)
N conformal block

H V(fi>5i)(Xi) = Z E/\{/ fg/V\ (xi)

i=1 ves structure constant

20



Bootstrap equations
Bootstrap equations: correlation independent of decomposition:
1 ' W4

4
Sopey = X oley
14 v

Numerical bootstrap’:

—_
@

. tensorial part
geometric part

—_—~—
o N— <V1 Vs V3 V4>sphere
= CiovCvas gy

N=1,torus (Vy)torus
Dy = Gw gy

N=4,sphere
DV

Liouville, minimal models: gy =1

Goal: understand gy
21

7Nivesvivat, Ribault, and Jacobsen 2024; Roux, Ribault, and Jacobsen 2026.



Numerical bootstrap results

g<V(1,0)> 1 <d(r,s) I @{,s ) 7

(r,s) - "Q(r,s) r n— W(r,s)

W(r,s) = 2cos27r(r52 — &), K1) = 2, K1,s) =2, ...

1
Bl

2
O = (—)netett H 2cosT (jB7 — %) .
.1+l
== —r

2

d(l,O) =1, d(l,o) =n+1, d(1,1) =n-—1

dz,0) = ”2{(n2 — 4)2n° — 4(n* — 9n* +20)n> + (n® — 4)%n?

+ (5n* — 400 + 92)n + n* — 4n® 4 16n — 4}
22



Algebraic derivation of gy

S= B Cro®Nes

1w L
(r,s)esNx1Z

P(r,s) = projectors onto A, s, i.e. simple idempotents in the
Temperley-Lieb category, m(, 5) projectors onto C(, q):

lds = ) () ® Prs)
(rs)

Example:

N

Pao) =

0 1) -5 e

23



Extended global symmetry

Computation of gy:

Virs)

Pir.s)
g<V1V2V3V4) _ K

b

unique way to connect the legs

(V1) _ (

EVirs) —

24



Extended global symmetry

Computation of gy:

%
g\</(r%s>) - P(rvs)

Example: Vi = V(309) =V

(Vao) _ 3
gV(l,O) - (1,0)

24



Extended global symmetry

Computation of gy :

Example: Vi = V(309 =V

(Vao) _ s+ 1
EVuoy T2 + ¢

24



Extended global symmetry

Computation of gy :

Example: Vi = V(109) =V

-3 (00
G660

=(n+1- f) in agreement with bootstrap results
n

24



Conclusion
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General conjecture

In 2D, symmetry of the O(n) model = Temperley-Lieb category.
Conjecture: structure constants gy are given by fusion diagrams:
e Simple objects: P, g
o Junction spaces N = |M(n, rn, ) €{0,1}

(r1,51)(r2,52)

(FV1V2V3)V’ _ V4V/
27y =gy

V3

e F-symbols:

= general expressions for correlation functions: channel
decomposition <> fusion diagram, e.g.

< V1 V2 V3 V4>sphere >—<CV1 7Z2% CVV3 V4gV
VES

26



General conjecture

In 2D, symmetry of the O(n) model = Temperley-Lieb category.
Conjecture: structure constants gy are given by fusion diagrams:
e Simple objects: P, g
e Junction spaces NS )= |IM(r1, 2, r3)| € {0,1}

(r1,51)(r2,52

(FV1V2V3)V’ _ V4V/
27y =gy

V3

e F-symbols:

= general expressions for correlation functions: channel
decomposition <> fusion diagram, e.g.

Vv
<V1>torus — Z VI—QC%VVQV

vesS
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General conjecture

In 2D, symmetry of the O(n) model = Temperley-Lieb category.
Conjecture: structure constants gy are given by fusion diagrams:
e Simple objects: P, g
e Junction spaces NS )= |IM(r1, 2, r3)| € {0,1}

(r1,51)(r2,52

(FV1V2V3)V’ _ V4V/
27y =gy

V3

e F-symbols:

= general expressions for correlation functions: channel
decomposition <> fusion diagram, e.g.

Vi
Z(genus = 2, x) = Z Gvi Vo, v5(X)
Vi, Vo, V3

26



Conclusion

e OPEs are not valid in a naive sense:
V X1 V2 X2) ZCV1V2 X2)

Vi
CV1V2 CV1V2V1< X (morphlsm: /\(r1,51) X /\(,2752) — /\(,‘ﬁsk))

e limits n — 0,1, .... correlations of percolation, polymers, ...

e Extended symmetry 2 O(n) specific to 2D: non-crossing of
loops.
e relation with the O(n) model in D # 27
e 2D CFT with O(n) global symmetry?

27
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